Lecture 8: Homogeneous Coordinates

Composition, Translation, Inverses

CS 453 — Computer Graphics
Fakhir Shaheen

Forman Christian University



Today: chain moves, slide, and undo

S

@ Same clock as Lecture 7
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Today: chain moves, slide, and undo

chain

@ Same clock as Lecture 7

@ Chain two moves into one

o =3 = E DAl



Today: chain moves, slide, and undo

@ Same clock as Lecture 7
olide . .
/ @ Chain two moves into one
chain o Slide it: a new trick
T
oy < =) «=» = 90
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Today: chain moves, slide, and undo

@ Same clock as Lecture 7

slide . .
/ @ Chain two moves into one

. o Slide it: a new trick

chain

x @ Undo any chain

u]
8
I
i
it
5
Pl
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Our conventions in one picture

(z,y)

=] = - = A




Our conventions in one picture

@ Positive angle:
¢ > 0: counterclockwise

counterclockwise

=] = - = A



Our conventions in one picture

Y
, @ Positive angle:
(z,y) [m/] — [mn ml?} [w] counterclockwise
Yy mo1 Maz2| |Y
@ Column vector, matrix
b column vectors, matrix on the left on its left
T

¢ > 0: counterclockwise
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Our conventions in one picture

Y
, o Positive angle:
(z,y) w/ — [ iz X counterclockwise
Yy mo1 Ma2| |Y
@ Column vector, matrix
o column vectors, matrix on the left on its left
T
¢ > 0: counterclockwise M= R S @ Read products right to

N left
S first, then R

ki Shaeen s



Composition

Many moves, one matrix

Fakbir Shahean Y



Two moves collapse into one matrix

CS 453
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Vi




Two moves collapse into one matrix

@—S>

Vi

V2

Vo = SV1 first
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Two moves collapse into one matrix

@—S>

Vi V2
Vo = SV1 first
vy = Rvo then
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Two moves collapse into one matrix

@—S>

Vi V2
Vo = SV1 first
vy = Rvo then

CS 453

V3 = R(SVl)

V3

substitute vo




Two moves collapse into one matrix

@—S>

R
EE——
Vi V2
RS: one matrix
Vo = SV1 first V3 = R(SVl)
vy = Rvy then

CS 453

V3 = (RS) Vi1

V3

substitute vo

associative




Example 12: squash, then turn 45°

O

o = = E T 9Dacn
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Example 12: squash, then turn 45°

—_—
D

o = = E T 9Dacn
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Example 12: squash, then turn 45°

—_—
D

SHE e
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Example 12: squash, then turn 45°

R — 0.707 —0.707
~ 10707 0.707

S=10 05
(1,0.5)

SHE e

(0.354, 1.060)
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Example 12: squash, then turn 45°

0.707  0.707

@ (1,0.5)
<)

g[]_[11+0-1]_T1

1 7 [0-1405-1 (05
r[ 1] _ [0-707- 1+ (~0.707) -0.5] _ [0.707 —0.353] _ [0.354
0.5 | 0.707-1+0.707-0.5 | — [0.707+0.353] ~ |1.060

R_ [0.707 —0.707] -
(0.354,1.060)

CS 453 Fakhir Shaheen 6/48



Multiply R times S, one entry at a time

0.707
RS = [0.707

—0.707

1 0
0.707

0 0.5

|

o =3 = E DAl



Multiply R times S, one entry at a time

0.707 —0.707] [1 0
RS = [0.707 0.707] [0 0.5]
p11 = 0.707 - 1+ (=0.707) - 0 = 0.707

row 1, column 1
o = = E DA



Multiply R times S, one entry at a time

0.707 —0.707| [1 0O
RS = [0.707 0.707 ] [0 0.5]
p11 = 0.707 -1+ (—0.707) - 0 = 0.707 row 1, column 1
p12 = 0.707 -0 + (—0.707) - 0.5 = —0.353 row 1, column 2
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Multiply R times S, one entry at a time

0.707 —0.707} |1 O
RS = [0.707 0.707 ] [0 0.5]
p11 = 0.707 -1+ (—0.707) - 0 = 0.707 row 1, column 1
p12 = 0.707 -0 + (—0.707) - 0.5 = —0.353 row 1, column 2
po1 = 0.707 -1+ 0.707 -0 = 0.707 row 2, column 1
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Multiply R times S, one entry at a time

0.707 —-0.707| |1 O
RS = [0.707 0.707 ] [0 0.5]
p11 = 0.707 -1+ (—0.707) - 0 = 0.707 row 1, column 1
p12 = 0.707 -0 + (—0.707) - 0.5 = —0.353 row 1, column 2
po1 = 0.707 -1+ 0.707 -0 = 0.707 row 2, column 1
pao = 0.707 -0+ 0.707 - 0.5 = 0.353 row 2, column 2
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Multiply R times S, one entry at a time

0.707 —-0.707| |1 O
RS = [0.707 0.707 ] [0 0.5]

p11 = 0.707 -1+ (—0.707) - 0 = 0.707 row 1, column 1
p12 = 0.707 -0 + (—0.707) - 0.5 = —0.353 row 1, column 2
po1 = 0.707 -1+ 0.707 -0 = 0.707 row 2, column 1
pao = 0.707 -0+ 0.707 - 0.5 = 0.353 row 2, column 2

0.707 —0.353

RS = [0.707 0.353 ]

ki Shaeen s
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One matrix gives the same clock
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One matrix gives the same clock

o)

Y

@ Two steps: S, then R

CS 453




One matrix gives the same clock

O

Y

@ Two steps: S, then R
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One matrix gives the same clock

O

@ Two steps: S, then R

@ One step: the product RS
CS 453




One matrix gives the same clock

@ Two steps: S, then R

O

@ One step: the product RS

@ Same corner either way

R
0.707 —0.353] [1] _
[0.707 0.353} H -
0.707 — 0.353
[0.707 + 0.353}

CS 453 Fakhir Shaheen 8/48



Swap the order: SR is a new matrix

1 0
SR = [o 0.5

J[amr

—0.707
0.707

0.707 ]

o =3 = E DAl



Swap the order: SR is a new matrix

1 0] (0.707
sk=y g |

—0.707
0.707
p11=1-0.7074+0-0.707 = 0.707

0.707 ]

row 1, column 1
o = = E DA



Swap the order: SR is a new matrix

1 0110707 —-0.707

SR = [0 0.5} [0.707 0.707 ]
p11 =1-0.707+0-0.707 = 0.707 row 1, column 1
12 =1-(-0.707) + 0-0.707 = —0.707 row 1, column 2

Fakhir Shahean D



Swap the order: SR is a new matrix

1 0110707 —-0.707

SR = [O 0.5} [0.707 0.707 ]
p11 =1-0.707+0-0.707 = 0.707 row 1, column 1
12 =1-(-0.707) + 0-0.707 = —0.707 row 1, column 2
pa1 = 0-0.707 + 0.5 - 0.707 = 0.353 row 2, column 1
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Swap the order: SR is a new matrix

1 0] (0707 —0.707

SR = [0 0.5} [0.707 0.707 ]
p11 =1-0.707+0-0.707 = 0.707 row 1, column 1
12 =1-(-0.707) + 0- 0.707 = —0.707 row 1, column 2
pa1 = 0-0.707 + 0.5 - 0.707 = 0.353 row 2, column 1
p22 = 0-(—0.707) + 0.5 - 0.707 = 0.353 row 2, column 2
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Swap the order: SR is a new matrix

1 0110707 —-0.707

SR = [0 0.5} [0.707 0.707 ]
p11 =1-0.707+0-0.707 = 0.707 row 1, column 1
12 =1-(-0.707) + 0-0.707 = —0.707 row 1, column 2
pa1 = 0-0.707 + 0.5 - 0.707 = 0.353 row 2, column 1
p22 = 0-(—0.707) + 0.5 - 0.707 = 0.353 row 2, column 2

0.707 —0.707 0.707 —0.353
SR = [0.353 0.353] 7 [0.707 0.353} = RS

ki Shaeen s



Swap the order, get a different clock

G

G

o = = E T 9Dacn
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Swap the order, get a different clock

G

scale

[«S]}

rotate

G

@ Top: scale, then rotate
CS 453




Swap the order, get a different clock

@ Bottom: rotate, then scale
rotate scale
Clh

scale rotate
— ‘ —
@ D @ Top: scale, then rotate
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Swap the order, get a different clock

@ Same two moves, different
result

@ Bottom: rotate, then scale
rotate scale
Clh

scale rotate
— ‘ —
@ D @ Top: scale, then rotate

CS 453 Fakhir Shaheen 10/48



Quick check 1: which move acts first?

M = SR
Which acts first?
T
(1,0)

Where does (1,0) land?

CS 453




Quick check 1: which move acts first?

Y M = SR
Which acts first?
(0.707,0.707) Where does (1,0) land?
- [0.707 -1+ (—0.707) -0] _ [0.707
\ RAst 17070714 0.707 -0 ] - [0.707]
® T
(1,0)

CS 453 Fakhir Shaheen 11/48



Quick check 1: which move acts first?

Y M =SR

Which acts first?
(0.707,0.707) Where does (1,0) land?

0.707 -1+ (—0.707) - 0| _ [0.707
0.707-140.707-0 |  |0.707

1-0.707+0-0.707 | _ 10.707
0-0.707+0.5-0.707|  |0.353

R first: [

[}

(X\?O?, 0.353)

‘(1 0) T then S: [

CS 453 Fakhir Shaheen 11/48



Example 13: stretch along a diagonal

@ Scale stretches only along
axes

CS 453




Example 13: stretch along a diagonal

@ Scale stretches only along
axes

CS 453

@ Goal: stretch along this
diagonal




Example 13: stretch along a diagonal

@ Scale stretches only along
axes

@ Goal: stretch along this
diagonal

@ Result: 50% longer that way

CS 453 Fakhir Shaheen 12/48
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Turn, stretch, turn back

&




Turn, stretch, turn back

&

rotate(45°)
—

@ Turn: diagonal now lies flat
CS 453




Turn, stretch, turn back

&

rotate(45°)
—

lscale(lﬁ7 1)

@ Turn: diagonal now lies flat
@ Stretch along x by 1.5

CS 453




Turn, stretch, turn back

&

rotate(45°)

l ate( 45°) '

scale 1.5,1)

@ Turn: diagonal now lies flat
@ Stretch along x by 1.5

@ Turn back
CS 453




Turn, stretch, turn back

N rotate(45°) qa
—_—
@ @ Turn: diagonal now lies flat

@ Stretch along x by 1.5

scale 1.5,1) @ Turn back

@ Read right to left
rotate(—45°) scale(1.5, 1) rotate(45°)
T ——rotate( 450\

CS 453 Fakhir Shaheen 13 /48



Multiply the three: a symmetric matrix

a1 150 T
R e[ -
L1 =1
V21 1

o =3 E DAl



Multiply the three: a symmetric matrix
a1 o 15 0] Lo
e[ s e

L1 =1
V21 1

1 1715 01 —1
T_1
s = [ [0

s -
)
S
)
Il
N[ =

Fakhir Shahean Ty



Multiply the three: a symmetric matrix
a1 o 15 0] Lo

e[ s e
!

V2 [l 1

1 1715 01 —1
T_1
s = [ [0

1.5 0] 1 —1]
7 -
15-140-1 15-(=1)+0-1
{0-1+1-1 0-(—1)+1-1]

1.5 —1.5 . .
= [ 1 1 ] right pair first

Il
N[ =

s -
S

Fakhir Shaheen 14 /48



Multiply the three: a symmetric matrix

a1 1] o 15 0] ot 1 1.5 —15

e s e Y

é_r —1 [ 1-15+41-1 1-(=1.5)+1-1
21 1

1541-1 (=1)(=15)+1-1
w13 L)

1.5 0] 1 —1]
7 -
15-140-1 15-(=1)+0-1
{01+14_ om—n+1¢]

1.5 —1.5 . .
= [ 1 1 ] right pair first

2. 5
05 ] then the left

Sl’_‘ =
)

S

)

NI

T Ty



Multiply the three: a symmetric matrix

a1 o 15 0] gt 1 1115 -15
R_\/i[—l 130 1 B = -1 1|1 1
J_F —1 [ 115411 1(-15)+1-1
Vil o1 115411 (“1)(-15)+1-1
25 —0.5
1 1115 0] [1 —1 :[ ] hen the lef
T _ 1 then the left
RSR" = 2 |:_1 1:| |: 0 1] |:1 1 ] —-0.5 2.5
11 1
S 2, 2.
15 0] [1 —1] ~05 2
o 1ll11 1|~ 1.25 —-0.25
~0.25  1.25

15-1+0-1 15-(=1)+0-1
0-1+1-1 0-(=1)+1-1

1.5 —1.5 ) Lo
= [ 1 1 ] right pair first

symmetric

Fakhir Shaheen 14 /48



Recap: composition

V3 = R(SV1> = (RS) Vi

o F = = £ DAl



Translation and
Homogeneous Coordinates

Sliding with one matrix

T G/



No 2x2 matrix can slide the clock

S

CS 453




No 2x2 matrix can slide the clock

(

(0,0) stays

@ Scale, rotate: origin stays put

/
T =mnx + migy

xz
CS 453




No 2x2 matrix can slide the clock

Y @ Scale, rotate: origin stays put
&’ = mux + migy
[ 4|
l €
| . .

% i e Slide: every point moves
-y equally

< / x’:.’],‘—i—!l?t, yl=y+yt

/
x
(0,0) stays

[m] = = =
CS 453

it
«

0
€




No 2x2 matrix can slide the clock

Y @ Scale, rotate: origin stays put
? o' = myz + migy

[ 4|

| (€]

| . .
% i e Slide: every point moves
- equally
< / x’:.’],‘—i*fl:t; y,:y+yt
— T

(0,0) stays

@ No 2x2 matrix does that

CS 453 Fakhir Shaheen 17 /48



Add a third coordinate, always 1

mi1 mio
maoq

Lt

Mmoo
0

Yt

e Point (z,y) getsa 1

s
(z,y) — |y
1
CR- = T wace



Add a third coordinate, always 1

scale / rotate part

mi1 mig
maoq Moo
0 0

Lt

Yt

e Point (z,y) getsa 1

X

(z,y) — |y
1

@ Upper left: scale and rotate

Fakhir Shaheen

18/48



Add a third coordinate, always 1

scale / rotate part

mi1 mig Lt
ma1 mao Yt
0 0 1

e Point (z,y) getsa 1

X

. (z,y) — |y
translation 1

@ Upper left: scale and rotate

@ Last column: the translation

Fakbir Shahean T



Add a third coordinate, always 1

scale / rotate part

mi1 mig Lt
ma1 mao Yt
0 0 1

fixed row: copies the 1

translation

Point (x,y) gets a 1
T

(z,y) = |y

1

Upper left: scale and rotate
Last column: the translation

Bottom row stays 0 0 1

Fakhir Shaheen

18/48



mi1

Multiply out: linear part plus shift

mi2 Tt
mo1 22

T
Yt

o =3 = E DAl



Multiply out: linear part plus shift

mi1 mi9 Tt €T $/ = miT + mi2y —+ x4 - 1 row 1
mo1 22 Yt Yy
0 0 1 1

o =3 = E DAl



mi1

Multiply out: linear part plus shift

mi2

Tt
ma1

ma2

T
Yt

o' =myx + migy 4 a4 - 1
Yy =mo1x +moay +y; - 1

row 1

row 2
O T = = Da e



Multiply out: linear part plus shift

mir miz It x ¥ =mpr+miy+x-1l rowl
mo1 Moo Yt Y y =mo1x+mooy+y; -1 row?2
0 0 1 1 O-z+0-y+1-1=1 row 3 copies 1

Fakbir Shahean B



Multiply out: linear part plus shift

mir miz It x ¥ =mpr+miy+x-1l rowl
mo1 Moo Yt Y y =mo1x+mooy+y; -1 row?2
0 0 1 1 O-z+0-y+1-1=1 row 3 copies 1
! mi1r M2 T |z mx + migy + Tt
Y| = |ma1 maa Y| |y| = |max+may+uy
1 0 0 1 1 1

T B



Slide the clock by (2,1)

o = O

<
| ——
o O =

(1,1)

€ x

=] F = = £ DAl
CS 453




Slide the clock by (2,1)

CS 453

=1-140-1+

0
1
0
2

1=



Slide the clock by (2, 1)

0 2]
11| |1
0 1| [1

2 =1-140-1+2-1=
Y =0-1+1-14+1-1=

S O =

3

CS 453

2




Slide the clock by (2,1)

1 0 2 1
0 1 1 1
0 0 1] (1
=1-140-1+2-1=3
y=0-14+1-1+1-1=2

CS 453

0-1+40-1+1-1=1




Slide the clock by (2,1)

(1,1) @

(3,2)

CS 453

1 0 2] (1
01 111
0 0 1|1

=1-1+0-1+2-1=3
y=0-14+1-1+1-1=2
0-1+40-1+1-1=1
e Every corner slides by (2,1)



Slide the clock by (2,1)

@

(3,2)

CS 453

affine: linear part + shift

1 0 2] (1
01 111
0 0 1|1

=1-1+0-1+2-1=3
y=0-14+1-1+1-1=2
0-1+40-1+1-1=1
e Every corner slides by (2,1)

@ Name: affine transformation

Fakhir Shaheen
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Slide the clock by (2,1)

y 10 211
01 1|1

00 1] |1

(3,2) 2 =1-1+0-1+2-1=23

@ Y =0-1+1-141-1=2
0-140-1+1-1=1

e Every corner slides by (2,1)

x @ Name: affine transformation

affine: linear part + shift @ Extra 1: homogeneous coordinates

Fakhir Shaheen 20/48
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Directions get a 0 and ignore shifts

offset (1,1)

@ Offset from corner to corner

x
o =3 = E DAl




Directions get a 0 and ignore shifts

offset (1,1)

still (1,1)

@ Offset from corner to corner

@ Clock slides, offset does not
T
o =3 = E DAl




Directions get a 0 and ignore shifts

offset (1, 1)

@ Offset from corner to corner

still (1,1) e Clock slides, offset does not

@ Third entry 0: shift ignored

1 0 x| |z x
0 1 wl (y|=|vy
0 0 1(1{0 0

Fakhir Shaheen

21/48



Translate by (2,1): places move, arrows don't
y

(3,2)

(3,2)
Last entry 1: a location Last entry 0: a direction
o <& = T 9ac




Translate by (2,1): places move, arrows don't
y

1-3+0-2+2-1
0-3+1-241-1
0-3+0-2+1-1

(3,2)
5
3
1
Last entry 1: a location Last entry 0: a direction
oy < = = TN




Translate by (2,1): places move, arrows don't

) Y
(5,3)
/’7.
o«
(3,2) unchan (3,2)
x x
1-3+40-2+2-1 5 1-34+40-2+2-0 3
0-3+1-241-1 = 1|3 0-3+1-24+1-0| = (2
0-3+0-24+1-1 1 0-340-24+1-0 0
Last entry 1: a location Last entry 0: a direction

Fakbir Shahean I



Another view: a 3D shear

1 0 x| |z T+ 142
0 1 w| |y| = |y+wmz
“ J R 00 1] |z z
T z=1
Y
P

o =3 = E DAl



Another view: a 3D shear

1 0 z¢| [z T+ T2
0 1 w| |y| = |yt+wmz
“ P ¢ 7% R 00 1] |z z
T Z=1
Yy
P

no change

o =3 = E DAl

@ Each layer slides by its height




Another view: a 3D shear

“ <'T'7‘,-, 7/1‘)
777777 z=1
Yy
Pl
2= X
no change

1 0 x| |z T+ Tz
0 1 wl |yl =|ytwu=z
0 0 1 z z

@ Each layer slides by its height

o Layer z = 1: our 2D slide
T+ Tt

c=1: |y+um
1

Fakhir Shahean SR



Translate, then rotate: one matrix M

cos¢p —sing 0| |1 0 =
Yy M= |sing <cos¢ 0| |0 1
0 0 1] {0 0 1

rozarte tra;;ate

@ Right matrix acts first

CS 453 Fakhir Shaheen 24 /48



Translate, then rotate:

1st: translate
>

one matrix M

cos¢p —sing 0| |1 0 =
M= |sing <cos¢ 0| |0 1
0 0 1] {0 0 1

rozarte tra:srlate

€

S

CS 453

@ Right matrix acts first

Fakhir Shaheen 24 /48



Translate, then rotate: one matrix M

cos¢p —sing 0| |1 0 =
Yy M= |sing <cos¢ 0| |0 1
0 0 110 0 1
(7 l Y 3) —~ - N d
nd: rotate rotate translate

1st: translate
—_—

T @

@ Right matrix acts first

CS 453 Fakhir Shaheen 24 /48



Translate, then rotate: one matrix M

cos¢p —sing 0
Yy

1 0 Tt

M= |sing <cos¢ 0| |0 1

(—1.3) 0 0 1{10 0 1

- @ nd: rotate rotate tra;;ate
0 -1 0 1 0
1st: translate b = 90°, (aft,yt) _ (2,0) : 1 0 0 01
@ @I 0O 0 1110 O

x

@ Right matrix acts first

@ Rotation: zeros in shift slots

CS 453

Fakhir Shaheen 24 /48
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Multiply out M, one row at a time

o =3 = E DAl

Il

——

O = O

|

OO)_l

_ o O
— —
—
S O =
O = O
_— O N

— —



Multiply out M, one row at a time

-1

0
M = 0
1

_— O N

0 10
1 0 01
0 0 0 0
row1: (0-14(=1)-04+0-0, 0-0+(-1)- 0, 0

1+0-

+

I

24+ (=1)-0+0-1) = (0,-1,0)

Fakbir Shahean ey



Multiply out M, one row at a time

0 —1 0] 1 0 2
M=1[1 0 0[]0 10
0 0 1]lo o0 1

row 1: (0-1+4(=1)-040-0, 0-04(=1)-1+0-0, 0-2+ (=1)-0+0-1) = (0,-1,0)

row?2: (1-140-0+0-0, 1-04+0-140-0, 1-240-0+0-1) =(1,0,2)

e ey



Multiply out M, one row at a time

0 —1 0] 1 0 2
M=1[1 0 0[]0 10
0 0 1]lo o0 1
row 1: (0-1+4(=1)-040-0, 0-04(=1)-1+0-0, 0-2+ (=1)-0+0-1) = (0,-1,0)

row?2: (1-140-0+0-0, 1-04+0-140-0, 1-240-0+0-1) =(1,0,2)
row3: (0:140-0+1-0, 0:0+0-141-0, 0:240-0+1-1) =(0,0,1)

e ey



Multiply out M, one row at a time

0 —1 0] 1 0 2
M=1[1 0 0[]0 10
0 0 1]lo o0 1
row 1: (0-1+4(=1)-040-0, 0-04(=1)-1+0-0, 0-2+ (=1)-0+0-1) = (0,-1,0)

row?2: (1-140-0+0-0, 1-04+0-140-0, 1-240-0+0-1) =(1,0,2)
row3: (0:140-0+1-0, 0:0+0-141-0, 0:240-0+1-1) =(0,0,1)

0 -1 0
M=(1 0 2
0 0 1

e ey



Multiply out M, one row at a time

0 -1 0] [t 0 2
M= |1 0 0[|0 1 0
0 0 1/|0 0 1
row1: (0-14(=1)-040-0, 0-04(=1)-140-0, O- ~1)-0+40-1) =
row?2: (1-140-0+0-0, 1-04+0-140-0, 1-240- 0+0 1) =(1,0,2)
row3: (0:140-0+1-0, 0:0+0-141-0, 0:240-0+1-1) =(0,0,1)
0 -1 0 1 0-1+(-1)-140-1
M=|1 0 2 M1=11+01+21
0 0 1 1 0-14+0-1+1-1

e ey



Shift second: the two parts stay apart

8

———
S O =

S = O

¢ a1 a2 O
Yye| [a21 a2z O
1 0 0 1

o =3 = E DAl



Shift second: the two parts stay apart

1 0 Tt ail a2 0
0 1 wy| [a21 a2 O
00 1 0 0 1
row 1: (lai1 4 Oagy + ¢ 0, laja +Oage +x¢-0, 1-0+0-0+z-1) = (a11, a2, )

SR = E Dac



Shift second: the two parts stay apart

1 0 Tt ail a2 0
0 1 wyf [az1 a2 O
0 0 1 0 0 1

row 1: (1a11+0a21+wt-0, lais + Oags + x4 - 0, 1-0+0-O+xt'1) = (a11, 012, Tt)
row 2: (0ai1 4+ lagi +y¢ - 0, Oatz + laga + -0, 0-04+1-0+y 1) = (a1, a2, yt)

Fakhir Shahean TS



Shift second: the two parts stay apart

1 0 Tt aj;p aig 0

0 1 w| |az1 aze O

00 1|]0 0 1
row 1: (lai1 4 Oagy + ¢ 0, laja +Oage +x¢-0, 1-0+0-0+z-1) = (a11, a2, )
row 2: (Oar1 + lagi + ;- 0, Oara+ lags + -0, 0-0+1-0+y;-1) = (a2, a2,y
row 3: (0a11+0a21+1-0, Oai2 + 0age + 1 -0, 0'0—1-0-0—1-1-1):(0,0,1)

T TS



Shift second: the two parts stay apart

1 0 Tt ail a2 0
0 1 w| |az1 aze O
00 1|0 0 1
row 1: (lai1 4 Oagy + ¢ 0, laja +Oage +x¢-0, 1-0+0-0+z-1) = (a11, a2, )
row 2: (Oar1 + lagi + ;- 0, Oara+ lags + -0, 0-0+1-0+y;-1) = (a2, a2,y
row 3: (0a11+0a21+1-0, Oai2 + 0age + 1 -0, 0'0—1-0-0—1-1-1):(0,0,1)
ail a2 Ty

= |a21 a2 Yt
0 0 1

@ Upper left: scale/rotate part

e S TS



Shift second: the two parts stay apart

1 0 Tt ail a2 0

0 1 yif |ann a2 O

0 0 1 0 0 1
row 1: (lai1 4 Oagy + ¢ 0, laja +Oage +x¢-0, 1-0+0-0+z-1) = (a11, a2, )
row 2: (Oar1 + lagi + ;- 0, Oara+ lags + -0, 0-0+1-0+y;-1) = (a2, a2,y

row 3: (0a11+0a21+1-0, Oai2 + 0age + 1 -0, 0'0+0-0+1-1) = (0,0,1)

ail  a12 T
= [a21 a22 Yt
0 0 1 @ Last column: translation part

@ Upper left: scale/rotate part

e S TS
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Same M: turn first, then lift by 2

)

O

O

translate(2, 0), then rotate(90°)

X




CS 453

Y

)

O

O

translate(2, 0), then rotate(90°)

X

Same M: turn first, then lift by 2

-

O

O

rotate(90°),




Y

Same M: turn first, then lift by 2

)

O

O

translate(2, 0), then rotate(90°)

X

)

-

OO

CS 453

X

rotate(90°), then translate(0, 2)

@ Two recipes, same final clock




Same M: turn first, then lift by 2

Yy Y

5 T@
ole 00

X T

translate(2, 0), then rotate(90°) rotate(90°), then translate(0, 2)

M = translate(0, 2) rotate(90°) = @ Two recipes, same final clock

O = O
= N O

CS 453 Fakhir Shaheen 27/48



Same M: turn first, then lift by 2

Yy Y

5 T@
ole 00

x T
translate(2, 0), then rotate(90°) rotate(90°), then translate(0, 2)
0 -1 0 _ _
M = translate(0, 2) rotate(90°) = [1 0 2 @ Two recipes, same final clock
0 0 1 @ Only turns and slides: rigid-body

CS 453 Fakhir Shaheen 27/48



Windowing: move, scale, move

(®h,yn)

D

( l:yl)

=] = - = A




Windowing: move, scale, move

(h, yn)

D

( l7yl)

(zh — 21, yn — Y1)
translate
—_
[

D

@ 1. Move low corner to origin

o =3 = E DAl



Windowing: move, scale, move

(zh,yn)
@ (xn — 21, yo — Y1) @ 1. Move low corner to origin
(@1, u) translate
| — D
| @ 2. Scale to the target size
scalei
(@), — ], v, — y})
=] F = = £ Haw
CS 453




Windowing: move, scale, move

(xhayh)
@ (T — =1, yn — y1) @ 1. Move low corner to origin
(0, 91) translate
| — D
@ 2. Scale to the target size
scalei .
(@, 95) S @ 3. Move origin to target
@ — 0, v = v1) corner
DO
translate
(!4
5y I77

Fakhir Shaheen 28/48
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Windowing: move, scale, move

(xhayh)
@ (xh — 1, Yo — 1) @ 1. Move low corner to origin
(@, v) translate
@ @ 2. Scale to the target size
N )
(xgl,yzc)ae S @ 3. Move origin to target
@ (@), =2}, ¥ — ) corner
-« o
translate @ o Write right to left
(!4
5y I77

! ! / !
Th =T Yo — Y

)
LTh — L1 Yn — Y

window = translate(z}, y)) scale( > translate(—z;, —y;)

Fakhir Shaheen 28/48

CS 453



Multiply the three window matrices

! ! / /
_Th T _ Y
Sy = , Sy

Tp — Xy

YU

(shorthand)

=] = - = A



Multiply the three window matrices

I o
Sy = u, Sy = Y — % (shorthand)
Tp — ] Yn — Ul
right pair first:
s 0 0] |1 0 —x Sy 0 —sza
0 s, O] 10 1 —y| =10 sy —syu (=) +0(=y) +0-1
0 0 1[0 0 1 0 0 1

Fakbir Shahean YIS



Multiply the three window matrices

right pair first:

8
o

S

o O
o
_— o O

then the left translate:

1 0 2] [sa
01 4o
0 0 1 0

Sz

S O =

0

Sy
0

S = O

/ /
_Th T
Ty —xp

—Sz T

—SyYi
1

Sy

YU
Yn — Ui

(shorthand)

Se(—x1) +0(—=y) +0-1

1(=szz) +0+a7-1

Fakhir Shaheen

29 /48



Clean up the corner: Equation 7.6

o — )z
xl—szwl:x;—(h DK

Th — Iy

put in S,

=] = - = A



Clean up the corner: Equation 7.6

o — )z

xl—szwl:x;—(h DK
Tp — I

_ wj(wn — @) — (@), —x))

put in S,
Tp — T

common denominator

o =3 = E DAl



Clean up the corner: Equation 7.6

o — )z
xl—szwl:x;—(h DK

Th — Iy

LTh — Ty

) (xp — xp) — (@), — 2)) @y

Th — Ty

common denominator
expand
O T = = Da e

put in S,
Txy — T — T + o
1h 1l htl 1l




Clean up the corner: Equation 7.6

/ /
T, — X)) ) )
X — Spx; = T) — (h—l) put in sz
Ty — Iy
/ / /
ry(xp — ) — (2, — ) @1 -
= common denominator
Ty — I

/ / / /
T — LX) — Ty T+ T
= L h L expand
Th — 2

/ /
=" cancel zjx;
LTh — &1

Fakbir Shahean RIS



Clean up the corner: Equation 7.6

/ /

T, — X)) T _
wg—sle:x;—(h—l) put in sz

Th — Iy

/ / /
ry(xp — ) — (2, — ) @1 -
= common denominator
Ty — I

/ / / /
T — LX) — Ty T+ T
= L h L expand
Th — 2

/ /
= cancel x;x;

Th — T
x) —x] 0 TjTp—T) T
Th—T| Th—T|
. ! ! / /
window = | o YaT¥  UYhTUY same steps for y (7.6)
Y=y Y=y
0 0 1

Fakbir Shahean RIS



(2,2)

G

Worked window: stretch and move the clock

(1,1)

CS 453

[1,2] x [1,2] — [3,5] x [0,1]




(2,2)

G

(1,1)

CS 453

[1,2] x [1,2] — [3,5] x [0,1]

/ /
Tp — T

LTh — Iy

Worked window: stretch and move the clock




Worked window: stretch and move the clock

! _
y T, wl:5 32222
Tp — T 2—1 1
(2,2) , ,
yh—ylzl—Ozl_1
C mow 2-1 1

(1,1)

[1,2] x [1,2] — [3,5] x [0,1]

CS 453



Worked window: stretch and move the clock

/ /
wh—wl_5—3

zp—x; 2-—1 1
(2,2) , ,

Yoy 120 1

C -y 2-1 1
/ /

(1,1 xlxh—a:hxl:3-2—5-1:6—5:1
Ty — I 2—-1 1
x

[1,2] x [1,2] — [3,5] x [0,1]

Fakhir Shahean R



Worked window: stretch and move the clock

y w’h—w;_5—3_g_2
Tp — T 2—1 1
(2,2) ,
yh—yl_l—O 1_1
C -y 2-1 1
/
(1,1 xlxh—a:hxl:3-2—5-1:6—5:1
Tp — T 2—-1 1
x foo o
YiYn yhyl:0-2—1-1:0—1:_1
Yo — Yl 2-1 1

[1,2] x [1,2] — [3,5] x [0,1]

Fakbir Shahean T



Worked window: stretch and move the clock

( wg—x;:5—32222
2,2) :E/h—xll 2—-1 1
yh_ylzl_ozlzl
@ Yyn—y 2-1 1
rry —xhr  3-2—-5-1 65

(1.1) _ _,
Tp — Ty 2-1 1

(3,0) v yfyh—yibyl_O-Q—l-l_O—l_ )
— T o2—-1 1
Yn — Ui
1,2 x [1,2) — [3,5] x [0,1]
2 0 1
window = |0 1 -1
00 1

Fakhir Shaheen 31/48
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Worked window: stretch and move the clock

y w’h—w;_5—3_g_2
2.2) xp—x 2—-1 1

’\‘ y;l_y;_l_o_l_l

L=

@ Tl . Y-y 2-1
~a 9,
3.2-5-1_ 6-5

Tjxp — Tha

(1,1) = =1
Ty — I 2—-1 1

3.0) r yfyh—y;byl_OQ—l-l_O—l__l
— o 2—-1 1
1,2 % [1,2] = [3,5] [0, 1] o
2.240-241-1 5 . 201
0-24+1-2+(-1)-1] = |1] v window =101 ~1
0-240-241-1 1 00 1

Fakhir Shaheen 31/48
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Recap: homogeneous coordinates

x mip Mmiz2 Tt x
Y| = [ma mo w Y
1 0 0 1 1

Fakbir Shahean B



Undoing Transformations

Every move has a way back

Fakhir Shaheen 13/48
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Undo a move with its opposite move

©

scale(sy, sy) 7t
= scale(1/s,, 1/sy)

Divide by each factor




CS 453

Undo a move with its opposite move

©

scale(sy, sy) 7t

- \\
Gz
= scale(1/s,, 1/sy)

Divide by each factor

rotate(¢) !

= rotate(—q¢)
Flip the angle's sign




Undo a move with its opposite move

-
_-
’ _-
~
~ P
S -
N &~

©

scale(sy, sy) 71 rotate(¢) ! translate(xy, y¢) !
= scale(1/s,, 1/sy) = rotate(—q¢) = translate(—x¢, —y¢)
Divide by each factor Flip the angle's sign Slide back the other way

CS 453 Fakhir Shaheen 34/48



Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)
x

CS 453




Undo a chain in reverse order

)

M = M;M; = translate(0, 2) rotate(90°)
x

CS 453




Undo a chain in reverse order

Y

)

M;

P

Do.

M = M;M; = translate(0, 2) rotate(90°)
x

CS 453




Undo a chain in reverse order

Yy
M = M;M; = translate(0, 2) rotate(90°)
@ M :
! @ Undo the last move first
M1 j 7
o
z

CS 453




Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)

@ Undo the last move first

CS 453




Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)

! @ Undo the last move first
Myl s M=MM,---M, = M~'=M;1 .. M;'M;!

CS 453 Fakhir Shaheen 35/48




Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)

! @ Undo the last move first
M, AR M=MM, M, = M '=M". M;'M*

— M 7
@ @ M M; "M MM
]

CS 453 Fakhir Shaheen 35/48




Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)

! @ Undo the last move first
M, AR M=MM, M, = M '=M". M;'M*

4(—\ \M 7
@ @ M M, "My MiM; = M; ' IM,
N x inner pair cancels

CS 453 Fakhir Shaheen 35/48




Undo a chain in reverse order

M = M;M; = translate(0, 2) rotate(90°)

| 1

|
|
M| ¥ M=MM,---M, = M =M, --M; M

(—\ \\M 7
@ @ ! My MM M, = My TM, = MM, = 1
\]

inner pair cancels

x

CS 453 Fakhir Shaheen 35/48




Quick check 2: undo this chain

(4,3)

M = translate(2, 1) scale(2, 2)
Write M~ as a product.

CS 453




Quick check 2: undo this chain

(4,3)

M = translate(2, 1) scale(2, 2)
Write M~ as a product.

CS 453

M™! = scale(3, 3) translate(—2, —1)




Quick check 2: undo this chain

-
-

(4,3)

M = translate(2, 1) scale(2, 2)
Write M~ as a product.

CS 453

M™! = scale(3, 3) translate(—2, —1)

(4,3) > (4—2,3—1) = (2,2)

slide back




Quick check 2: undo this chain

CS 453

M = translate(2, 1) scale(2, 2)

Write M~ as a product.
M™! = scale(3, 3) translate(—2, —1)

(4—-2,3-1)=(2,2) slide back
(2-3,2-1)=(1,1) halve

Fakhir Shaheen 36/48



Rotation: the inverse is the transpose

N

rotate(¢)T = {COSQS

sin ¢
rotate(¢)

CS 453

—sing

T
cos @ ]




Rotation: the inverse is the transpose

rotate(¢) T
N

cos¢ —sing
sin ¢
rotate(¢)

T
cos @ ]
[ cos ¢

sin ¢
—sin¢g cos ¢

CS 453

rows become columns




Rotation: the inverse is the transpose

rotate(qb)T =

ZaINN

rotate(¢)

CS 453

[cos¢  —sin ¢] T

|sing  cos¢

_—C(S)isnd)giy :g; f;] rows become columns
[cos(—¢) —sin(—¢) '

_Sin(_¢) cos(—9) ] cos even, sin odd

Fakhir Shaheen 37/48



Rotation: the inverse is the transpose

- : T
rotate(9) = (e~ 0]

[ cos sin
= . ¢ ¢] rows become columns
|—sing cos¢

= -COS(_@ N sin(—qb)] cos even, sin odd

|sin(—¢)  cos(—9)

= rotate(—¢) the rotation pattern

\/ \ rotate(¢)

CS 453 Fakhir Shaheen 37/48



Rotation: the inverse is the transpose

[cos ¢ sin ¢ T
T _
Y rotate(¢) " = sing  cos¢ ]
= CO.S ¢ sin ¢] rows become columns
N |—sing cos¢

\/ \ ‘r\otate(</)) = -COS(_@ B sin(—qb)] cos even, sin odd

\ |sin(—¢)  cos(—9)

! = rotate(—¢) the rotation pattern

x

rotate(—¢)

RTR=1 = R '=RT

CS 453 Fakhir Shaheen 37/48



Rigid-body inverse: slide back, then turn back

r11 7112 0

r21 T22 0}
0 01

M = translate(zs, ) R, R = [

turn, then slide

o =3 = E DAl



Rigid-body inverse: slide back, then turn back

M = translate(zs, ) R, R = [

M~ = R~ ! translate(zy, 1)~

r11 7112 0

r21 T22 0}
0 01

turn, then slide
reverse order;
o = = = A



Rigid-body inverse: slide back, then turn back

r11 T12 0}

M = translate(zs, ) R, R = [T(Z)I rz2 0 turn, then slide

M~ ! = R ! translate(z, y;) "' = RT translate(—z;, —y;)  reverse order; opposites

Fakbir Shahean R



Rigid-body inverse: slide back, then turn back

ri1 712 0

M = translate(x, y) R, R = [T(Z)I raz (1)} turn, then slide

M~ ! = R~ ! translate(zy, y;) "' = R translate(—z;, —y;)
rir rer Of [1 0 —a¢

= |7r12 T2 O |0 1 — transpose swaps 712, 121
0 0O 110 0 1

reverse order; opposites

Fakhir Shaheen 38/48



Rigid-body inverse: slide back, then turn back

0
M = translate(x, y) R, R = [%i %g (1)}

M~ ! = R~ ! translate(zy, y;) "' = R translate(—z;, —y;)

rir rer Of [1 0 —a¢
= |ri2 72 0] |0 1 —u
0 0O 1110 0 1

ri o1 —(ruze + roiye)

= [r2 roe  —(r12%¢ + r22yr)
L 0 0 1

turn, then slide

reverse order; opposites

transpose swaps 712, 1'21

bottom row stays 0 0 1

Fakhir Shaheen
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Worked: undo turn, then lift by 2
Yy

(—1,3)@

0,2

)

0 -1 0
M = [1 0 2]: 7“11=0, 7“12=—1, 7“2121, 992 —
0 0 1
0, (z,yt) =

CS 453




Worked: undo turn, then lift by 2

0 -1 0
M=1|1 0 2|:rn1=0,r2=-171r1=1,rp=
y 0 0 1
05 ($t7yt) = (072)
(=1,3) : —(rnze +ray) =—(0-0+1-2) = -2

=] F
CS 453




Worked: undo turn, then lift by 2

0 -1 0
M=|1 0 2
0 0 1
Y

0, (l”t,yt) ( 2)

@ —(ri1ze + ro1ye) =

—(r12mt + T22Yyt) =

CS 453

1 =0, rig=—1, 191 =1, 799 =

—(0-041-2)=-2
—((-1)-04+0-2) =0

it
«




Worked: undo turn, then lift by 2

0 -1 0
M=1|1 0 2|:r1=0,r2=-1,1r91=1, 1990 =
y 0 0 1
0, (w4, ) = (0,2)
(=1,3) —(ruze +ray) =—(0-0+1-2) = -2
< > —(ri2zy +712291) = —((=1)-0+0-2) =0

0O 1 -2

M'=|-10 0

0O 0 1

CS 453
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Worked: undo turn, then lift by 2

0 -1 0
M=1|1 0 2|:r1=0,ro=-1,7r91 =1, r99 =
0 0 1

Y 0, (z0,91) = (0,2)

(L3 —(ruwe +roy) = —(0-041-2) = =2
®. —(r12z + rooys) = ((— )-0+0- 2) =0
2

31 o {0 L
jrra 162 M'=|-10 0
o 0 0 1
-+ x
-1 0-(=1)+1-34+(-2)-1 1
M3 |=[(-1)-(-1)4+0-3+0-1| = |1
1 0-(-1)4+0-3+1-1 1

CS 453 Fakhir Shaheen 39/48



Rotate, scale, rotate: undo each piece

book: M = R scale(oy,02,03) Ro
Example 13 clock

M~ = R} scale(1/01,1/02,1/03) R
M = Rescale(1.5,1) RT

CS 453




Rotate, scale, rotate: undo each piece

book: M = R; scale(o'l, 092, 0'3) R,
M~ = R} scale(1/01,1/02,1/03) R
\ M = Rscale(1.5,1) RT
M~! = (RT) scale(1.5,1) "' R~ reverse order

\

Example 13 clock

Fakhir Shaheen 40/48
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Rotate, scale, rotate: undo each piece

book: M = R scale(oy,02,03) Ro
M~ = R} scale(1/01,1/02,1/03) R

\ M = Rscale(1.5,1) RT

M~! = (RT) scale(1.5,1) "' R~ reverse order
= (R")Tscale(1/1.5, 1) RT  transpose, divide

\

Example 13 clock

Fakhir Shaheen 40/48
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Rotate, scale, rotate: undo each piece

book: M = R scale(oy,02,03) Ro
M~ = R} scale(1/01,1/02,1/03) R

\ M = Rscale(1.5,1) RT

M~! = (RT) scale(1.5,1) "' R~ reverse order
= (R")Tscale(1/1.5, 1) RT  transpose, divide

- = 1 1)RT T _
Example 13 clock Rscale(2/3, 1) R (RY) R

Fakhir Shaheen 40/48
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Rotate, scale, rotate: undo each piece

book: M = R scale(oy,02,03) Ro
M~ = R} scale(1/01,1/02,1/03) RT

’ NEEE M = Rscale(1.5,1) RT
—> @ M~! = (RT)"scale(1.5,1) "' R~ reverse order
\ = (R")Tscale(1/1.5, 1) RT  transpose, divide

- = 1 1)RT T _
Example 13 clock Rscale(2/3, 1) R (RY) R

@ Squash back along the diagonal

Fakhir Shaheen 40/48
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No geometry? Use cofactors

a19

o Every entry has a cofactor
5

o =3 = E DAl



No geometry? Use cofactors

a19

=

\S)

o Every entry has a cofactor

@ Cross out its row and column
A=]|1 4

=] F
CS 453




No geometry? Use cofactors

ais signs
1 9 + @ + @ Every entry has a cofactor
@ Cross out its row and column
A=||1 4 - + -
@ Sign from the checkerboard
0 4 5 + - +

CS 453 Fakhir Shaheen 41/48



No geometry? Use cofactors

a2 signs
1 2 + @ + @ Every entry has a cofactor
A7 1 _ 4 @ Cross out its row and column
@ Sign from the checkerboard
0 b 5 + - +
& d “ A‘ = aB — Ab
a‘jQ——O 5:—(1-5—4-O)=—5

CS 453 Fakhir Shaheen 41/48



Expand along row 1 to get |A|
11
A=}

C C C
|A| = a11af; + ai2ai, + aizajs

TN

entries times cofactors

o =3 = E DAl



Expand along row 1 to get |A|
A=|i41]
02
|A| = ai1ai; + a12aiy + a13ai;

3 4 1 4 13
=1 5‘_10 5‘+20 2}

TN

entries times cofactors

cross out, sign

o = = E Da



Expand along row 1 to get |A|

th
025
|A| = aj1af; + a12a{s + a13ais entries times cofactors
4 1 4 1
=1 g 5‘—1 0 5‘+2 0 2‘ cross out, sign

—1(3-5-4-2)—1(1-5—4-0)+2(1-2—3-0) aB — Ab

Fakbir Shahean oy



Expand along row 1 to get |A|

)

c c c
|A| = aiiaqq + ai2ai9 + aisaqs

3 4 1 4 1 3
2 5 0 5 0 2

=1(3-5—-4-2)—1(1-5-4-0)+2(1-2—3-0)
1(15—8) — 1(5—0) +2(2 — 0)

11
A:{13
02

TN

=1

B

+2

entries times cofactors

cross out, sign

aB — Ab
multiply

Fakhir Shaheen 42 /48



Expand along row 1 to get |A|

A= [%éi]
025
|A| = an1af; + ai2aiy + a13ai; entries times cofactors
3 4 1 4 1 3 .

=1 9 5‘—1 0 5‘+2 0 2‘ cross out, sign
=13-5-4-2)—-1(1-5-4-0)+2(1-2—-3-0) aB — Ab
=1(15-8)—1(5—-0)+2(2—-0) multiply
=7—-5+4+4 subtract

T oy



Expand along row 1 to get |A|

NH
025
|A| = an1af; + ai2aiy + a13ai; entries times cofactors
3 4 1 4 1 3 .

=1 9 5‘—1 0 5‘+2 0 2‘ cross out, sign
=13-5-4-2)—-1(1-5-4-0)+2(1-2—-3-0) aB — Ab
=1(15-8)—1(5—-0)+2(2—-0) multiply
=7—-5+4+4 subtract
=6 add

T oy



Inverse: cofactors, transposed, over |A|

) 1 |ein a5 ag
- —_ C (4 (4
A Al ayg Q9o A3o
A] |01 02
13 @23 ds3

adjoint: cofactors, transposed

o =3 = E DAl



Inverse: cofactors, transposed, over |A|

C C C
1 %11 921 A3
A V= — a5 aS ab djoint: cofact t d
= Al T2 Q59 a3y adjoint: cofactors, transpose
ajs gz asy

row 1 - column 1: aj1af; + a12afy + a13af5 = |A|  own row’s cofactors

Fakhir Shahean Y



Inverse: cofactors, transposed, over |A|

C C C
ayj; Qg a3z

-1 _ c c c
A7 = |afy ajy ajs

row 1 - column 1:

row 2 - column 1:

A

ai1af; + ai2a{y + aizafs

C C C
ayz Qg3 Gz

az1a{; + a22a{y + az3as

adjoint: cofactors, transposed

own row's cofactors

= [A]

as1 Q2 as3
= lag1 a2 a3 =0
az1 asz ass

Fakhir Shaheen
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Inverse: cofactors, transposed, over |A|

C C C
ayj; Qg a3z
C (4 (4
ayg Q9o A3o
C C C
ayz Qg3 Gz

adjoint: cofactors, transposed

Al = —

ajiaf, + ai2a§, + aizas = |A|  own row's cofactors

a21 Q22 a23 -

aziaf; + azaf, + agzaiz = (a1 aze a3l =0 _=
asi asz ass

row 1 - column 1:

row 2 - column 1:

@ Two equal rows: zero volume

Fakhir Shaheen
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Inverse: cofactors, transposed, over |A|

C C C
ayj; Qg a3z
C (4 (4
ayg Q9o A3o
C C C
ayz Qg3 Gz

adjoint: cofactors, transposed

Al = —

ajiaf, + ai2a§, + aizas = |A|  own row's cofactors

a21 Q22 a23 -

ag1a9, + aaf, + asafs = a1 az axz| =0
aszi azz ass

row 1 - column 1:
row 2 - column 1:

1
Aadj(A)=|A|Tl = A7l = Wadj(A)

@ Two equal rows: zero volume

Fakhir Shaheen
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N W
[S2 BTSN V)

Example 6: nine cofactors, then divide by 6
1
A= 1 . |A|=6
0

o =3 = E DAl




O = =

Example 6: nine cofactors, then divide by 6

o =3 = E DAl




Example 6: nine cofactors, then divide by 6

o = = E Da




O = =

Example 6: nine cofactors, then divide by 6

[35l=4-6=-2
= =2 = = DA




Example 6: nine cofactors, then divide by 6

Fakhir Shaheen
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Example 6: nine cofactors, then divide by 6
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Example 6: nine cofactors, then divide by 6
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Example 6: nine cofactors, then divide by 6

Fakhir Shaheen

44 /48



Example 6: nine cofactors, then divide by 6

11 2
A=1[1 3 4|, |A|=6
0 2 5
B4=15-8=7 —[}3=—(G-9=-1 |}}|l=4-06=-2
—losl=-6-0==5 [§3[=5-0=5 —|ifl=-(4-2)=-2
631 =2-0=2 —[53]=-(2-0)=-2

Fakhir Shaheen
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Example 6: nine cofactors, then divide by 6

11 2
A= |1 3 4|, |A| =6
0 25
|134]=15-8=7 —|1¢|=-(-4)=-1 |}%|=4—-6=-2
—153l=-(6-0=-5  [§2[=5-0=5  —|jfl=-(4-2)=-2
§3l=2-0=2  —[}il=-(2-0)=-2 [l}|=3-1=2

Fakhir Shaheen
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Example 6: nine cofactors, then divide by 6

11 2 A
A=11 3 4|, |A|=6 A—l_6 -5 5 =2
025 2 -2 2
|134]=15-8=7 —|1¢|=-(-4)=-1 |}%|=4—-6=-2
—losl=-6-0=-5 [§3|=5-0=5  —|{il=-(4-2)=-2
§3l=2-0=2  —[}il=-(2-0)=-2 [l}|=3-1=2

T v



Check: A times its inverse is I

row ¢ of A - column j of the adjoint:

o =3 = E DAl




Check: A times its inverse is I

row ¢ of A - column j of the adjoint

1-7T+1-(=5)+2-2
—7-5+4=6

o =3 E DAl



Check: A times its inverse is I

row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2
—7-5+4=6

1 (=) 4+1-54+2-(=2)

1+5-4=0

o =3 = E DAl




Check: A times its inverse is I

row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2
—7-5+4=6

1-(=1)+1-542-(=2) 1-(=2)+1-(=2)+2-2
14+5-4=0

2-24+4=0
= =2 = = DA




Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2 1-(=1)+1-5+42-(=2) 1-(=2)+1-(=2)+2-2
—=7-5+4=6 =—145-4=0 =-2-244=0

1-743-(=5)+4-2
=7-15+8=0

Fakbir Shahean ey



Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2 1-(=1)+1-5+42-(=2) 1-(=2)+1-(=2)+2-2
—=7-5+4=6 =—145-4=0 =-2-244=0

1-743-(=5)+4-2 1-(-1)+3-5+4-(-2)
=7-15+8=0 =-1+15-8=6

Fakbir Shahean ey



Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

Fakhir Shaheen

1-741-(=5)+2-2 1-(-D4+1:-54+2-(=2) 1-(=2)+1-(=2)+2-2
2-2+44=0

1-7+3-(=5)+4-2 1-(-1)+3-54+4-(-2)1-(-2)+3-(-2)+4-2
=7-15+8=0 =-1+15-8=6 =-2-6+8=0
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Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

0-7+2-(=5)+5-2
=0-10+10=0

Fakhir Shaheen

1-741-(=5)+2-2 1-(-D4+1:-54+2-(=2) 1-(=2)+1-(=2)+2-2
2-2+44=0

1-743-(=5)+4-2 1-(-1)+3-544-(-2)1-(-2)+3-(-2)+4-2
=7-15+8=0 =-1+15-8=6 =-2-6+8=0
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Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2 1-(=1)+1-5+42-(=2) 1-(=2)+1-(=2)+2-2
—=7-5+4=6 =—145-4=0 =-2-244=0

1-743-(=5)4+4-2 1-(=1)+3-5+4-(=2) 1-(=2)+3-(—2)+4-2
=7-15+8=0 =—14+15-8=6 =-2-6+8=0

0-7T+2-(=5)+5-2 0-(=1)+2-5+5-(-2)
=0-10+10=0 =04+10—-10=0

e S ey



Check: A times its inverse is I

row ¢ of A - column j of the adjoint:
1-7+1-(=5)+2-2
=7—-54+4=6

1-743-(=5)+4-2
=7-15+8=0

0-7+2-(=5)+5-2
=0-10+10=0

1 (1) 41-542-(=2) 1-(=2)+1-(-2)+2-2

1 (—1) 43 544-(=2) 1-(—2)+3-(-2)+4.2
=-1+15—-8=6 =-2-6+8=0

0-(=1)+2-5+5-(=2) 0-(=2)+2-(~2)+5-2
=0410-10=0 —0-4+10=6

Fakhir Shaheen
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Check: A times its inverse is I
row ¢ of A - column j of the adjoint:

1-7T+1-(=5)+2-2 1-(=1)+1-5+42-(=2) 1-(=2)+1-(=2)+2-2
—=7-5+4=6 =—145-4=0 =-2-244=0

1-7+3-(=5)+4-2 1-(=1)+3-5+4-(=2) 1-(=2)+3-(=2)+4-2

—7-15+8=0 — 1415-8=6 — 92_6+4+8=0
0-74+2-(=5)+5-2 0-(—1)4+2-54+5-(=2) 0-(=2)+2-(~2) +5-2
—0-10+10=0 —0+10-10=0 —0-4+10=6

6 0 0 )

1
_1 _ _
AAT = 6 8 g g =1 @ Own row: 6. Other rows: 0.

T ey



Recap: undoing transformations

Y

n

—Ing—1
o M,
SR = T 9ac

M1...M



Summary

M = RS [%i i 22}
0 0 1
Rightmost matrix acts first Linear part plus translation column
[y 1T [z y0]T translate(x], yj) scale(. . .) translate(—z;, —y;)
1: a location. 0: a direction. Window: move, scale, move
-1 — -1 — -1 _ 1 .
M :Mnl"'Ml , R IZRT A —WadJ(A)
Undo in reverse order Cofactors, transposed, over the determinant

Fakhir Shaheen
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Next lecture: reference frames and the scene graph

L

(2,
°

G [ ]
1)
Ss

(1,1)

(1,1)

([ ]
translate by (—1,0)

CS 453

@ Move the point, or the axes?

@ Frames and the scene graph

Shirley §2.4.5, §7.5, §12.2,
§12.1-12.1.1

Fakhir Shaheen
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